Abstract. The mirror of a projective toric manifold X Σ is given by a LandauGinzburg model (Y, W). We introduce a class of Lagrangian submanifolds in (Y, W) and show that, under the SYZ mirror transformation, they can be transformed to torus-invariant hermitian metrics on holomorphic line bundles over X Σ . Through this geometric correspondence, we also identify the mirrors of Hermitian-Einstein metrics, which are given by distinguished Lagrangian sections whose potentials satisfy certain Laplace-type equations.
Introduction
Let X Σ be a projective toric manifold defined by a fan Σ. The mirror of X Σ is given by a Landau-Ginzburg model (Y, W), which consists of a noncompact Kähler manifold Y and a holomorphic function W : Y → C (the superpotential). Mirror symmetry relates the complex geometry of X Σ to the symplectic geometry of (Y, W). In particular, holomorphic vector bundles (or more generally, coherent sheaves) over X Σ should correspond to Lagrangian cycles in (Y, W) . This is succinctly expressed by Kontsevich's Homological Mirror Symmetry Conjecture for toric manifolds [14] , which states that the derived category of coherent sheaves D b Coh(X Σ ) is equivalent to the Fukaya-Kontsevich-Seidel category of (Y, W). Since then, much work has been done [13] , [17] , [19] , [4] , [5] , [1] , [8] , culminating in proofs of the conjecture for all projective toric manifolds in Abouzaid [2] and, more recently, in Fang-Liu-Treumann-Zaslow [9] . 1 In this paper, we will examine the correspondence between holomorphic line bundles on X Σ and Lagrangian cycles on (Y, W) from a different angle, namely, by applying SYZ mirror transformations [6] , [7] . Our goal is to put the correspondence 1 Fang-Liu-Treumann-Zaslow [9] also proved an equivariant version of the conjecture. 1 in the toric case in the same footing as the semi-flat Calabi-Yau case as done in Leung-Yau-Zaslow [15] . This approach is also closely related to the works [1] , [2] , [8] , [9] , where T-duality was used implicitly or explicitly.
Let N ∼ = Z n be a rank n lattice, M = Hom(N, Z) the dual lattice and ·, · : M × N → Z the dual pairing, and let N R = N ⊗ Z R, M R = M ⊗ Z R. Denote by T N and T M the real tori N R /N and M R /M respectively. A projective toric n-fold X Σ contains an open dense torus orbit U = N ⊗ Z C * ∼ = (C * ) n , which can also be written as
where we have, by abuse of notations, also used N to denote the family of lattices N R × √ −1N ⊂ TN R . The projection map U → N R is a (trivial) torus bundle. According to the philosophy of the Strominger-Yau-Zaslow Conjecture [18] , the mirror manifold Y is given by the dual torus bundle (see [6] , [7] )
with M denoting the family of lattices N R × √ −1M ⊂ T * N R . Using the semiflat SYZ mirror transformation (or T-duality), T N -invariant hermitian metrics on holomorphic line bundles over X Σ (when restricted to U) can be transformed to give Lagrangian sections of Y → N R as in [15] . 2 Naturally, one would ask the following
Question: Which Lagrangian sections of Y → N R can be transformed back, by the inverse SYZ mirror transformation, to T N -invariant hermitian metrics on holomorphic line bundles over X Σ ?
Put it in another way, the problem is to characterize the set of Lagrangian sections of Y → N R we get by transforming T N -invariant hermitian metrics on holomorphic line bundles over X Σ . One of our aims in this paper is to answer this question.
Recall that the superpotential W is a Laurent polynomial (see, for example, [6] , [7] ). Write W as a sum of monomials:
In a sense, the monomial W i (for i = 1, . . . , d) is mirror to the toric prime divisor D i ⊂X associated to the primitive generator v i ∈ N of a 1-dimensional cone in Σ. Consider the embedding ι : M ֒→ Z d defined by ι(u) = ( u, v 1 , . . . , u, v d ). By the theory of toric varieties, the quotient Z d /ι(M) is canonically identified with H 2 (X Σ , Z). In Section 3, we will define, for each [a] ∈ H 2 (X Σ , Z), a growth condition ( * [a] ) for Lagrangian sections of Y → N R . We can now state our main result as follows, which will be proved in Section 4.
Notice that all Lagrangian sections of Y → N R are Hamiltonian isotopic to the zero section, i.e. they represent the same Hamiltonian class. To get a correspondence with the class of holomorphic line bundles on X Σ , it is therefore necessary to find a finer equivalence relation. For this purpose, we define two Lagrangian sections of (Y, W) to be equivalent if they can be deformed to each other through Hamiltonian isotopies which preserve a growth condition ( * [a] ). It is easy to see that each equivalence class then consists of exactly those Lagrangian sections which satisfy the same growth condition ( * [a] ).
Furthermore, by our main result, we can easily identify the Lagrangian sections which are mirror to Hermitian-Einstein metrics on holomorphic line bundles. These turn out to be Lagrangian sections whose potentials satisfy certain Laplace-type equations. We call these Lagrangian sections harmonic. Hence, as an immediate consequence of our main result, we have the following Corollary 1.1.
The SYZ mirror transformation provides a bijective correspondence between isomorphism classes of holomorphic line bundles over X Σ and equivalence classes of Lagrangian sections of (Y, W). 2. Each equivalence class of Lagrangian sections of (Y, W) is represented by a unique harmonic Lagrangian section.
All of these will be discussed with more details in Section 4. The next section (Section 2) is a brief review of mirror symmetry for toric manifolds. Some further remarks and discussions are contained in the final section (Section 5).
Projective toric manifolds and their mirrors
In this section, we briefly review the geometric aspects of the mirror symmetry for projective toric manifolds and fix our notations.
A projective toric manifold by X Σ is defined by a smooth, complete fan Σ in N R . By the general theory of toric varieties [10] , [11] , any ample line bundle L on X Σ is determined by a lattice polytopeP
and L is then canonically identified with the divisor line bundle O(D λ ), where
is an ample toric divisor. We fix such an ample line bundle L and equip X Σ with the Kähler structure ω X Σ = ι * ω FS , where ι : X Σ ֒→ CP N is an embedding induced by L (note that since X Σ is smooth and projective, every ample line bundle L is in fact very ample; see Fulton [10] ), and ω FS is the FubiniStudy Kähler structure on CP N .
Recall that
, and we have a natural torus fibration ν U : U = TN R /N → N R given by projection to the first factor. If ξ 1 , . . . , ξ n ∈ R and u 1 , . . . , u n ∈ R/2πZ are the base coordinates on N R and fiber coordinates on T N respectively, then the complex coordinates on U = (C * ) n are given by w j = e ξ j + √ −1u j , j = 1, . . . , n, and the restriction of ω X Σ to U can be explicitly written as
where φ : N R → R is the function given by 
for w = (w 1 , . . . , w n ) ∈ U = (C * ) n . The image of µ U is the interior P of the polytopeP. In fact, the Legendre transform of the function φ gives a diffeomorphism Φ = dφ : N R → P and µ U = Φ • ν U . We also have a nowhere vanishing holomorphic n-form on U given by
With respect to ω U and Ω U , ν U : U → N R and µ U : U → P are special Lagrangian torus fibrations, in the sense of Auroux [3] (and U is an almost Calabi-Yau manifold).
The mirror of X Σ is the Landau-Ginzburg model (Y, There is a nowhere vanishing holomorphic n-form on Y given by [6] , [7] for details).
Notice that, as a complex manifold, Y is biholomorphic to the bounded domain {z ∈ (C * ) n : |e −λ i z v i | < 1, for i = 1, . . . , d} in (C * ) n . On the other hand, since Φ is a Legendre transform, there exists a function ψ :
then the inverse of Φ : N R → P, i.e. Ψ = Φ −1 . Now, the symplectic structure ω Y is given in the x j , y j coordinates by Physical arguments predict that the complex (respectively, symplectic) geometry of X Σ is interchanged with the symplectic (respectively, complex) geometry of (Y, W) under mirror symmetry. For precise mathematical statements and how SYZ mirror transformations are applied to explain the geometry underlying this mirror symmetry, we refer the reader to [6] , [7] . Let (Y, W) be a Landau-Ginzburg model mirror to a projective toric manifold
is the homomorphism defined in the introduction. As we have mentioned before, A(W) is canonically identified with the second cohomology group
, is a polytope in M R , and this determines a fan Σ in N R . These are exactly the polytope and fan defining the projective toric manifold X Σ . Now, we write 
for some function g on N R , which is unique up to adding a constant. g is called a potential of the liftL of the Lagrangian section L. For our purpose, we need g to be of class C 2 .
Suppose that, without loss of generality, σ is generated by v 1 , . . . , v n ; and let
Then, we have,
) has a limit as t l → −∞; and, 3. for any distinct j, k ∈ {1, . . . , n}, the function e
We denote the set of Lagrangian sections of We give a couple of examples to illustrate our definitions. 
where
, the conditions in Definition 3.1 reduces to the following two equalities of limits:
This implies that, geometrically, we have y(ξ) → −a as ξ → −∞ and y(ξ) → b as ξ → ∞, and the slope of the graph goes to zero as ξ → ±∞; there are no restrictions on the graph for finite values of ξ. The equalities of limits place further restrictions on the growth rates of y(ξ) and its derivative as ξ tends to ±∞. 
Example 2. Consider the case when
Consider the maximal cone σ 1 . Then the conditions in Definition 3.1 can be restated as lim
where we denote by y i,j the partial derivative
. In particular, we must have
and various partial derivatives of y 1 , y 2 go to zero as t 1 , t 2 tends to −∞.
For another maximal cone, say, σ 2 , the conditions can similarly be rewritten as lim
Geometrically, this means that we should also have −y 3 Let us describe the relation briefly as follows. In [1] , [2] , Abouzaid considered the family of superpotentials
and the smooth hypersurfaces 
is clearly independent of the choice of the liftL. 
by Stokes theorem. Consider a facet F k = {x ∈P : l k (x) = 0} ofP. Without loss of generality, suppose that v n k = 0. Then use x 1 , . . . , x n as the coordinates on F k , so that
Definition 3.2. A Lagrangian section L ∈ Ä(Y, W) is said to be harmonic if the following Laplace-type equation is satisfied
The equation (3.1) is equivalent to the following equation
on P, where ψ pjk denotes
then L is harmonic if and only of g is a solution to the equation
on N R . In the next section, we will see that in each equivalence class [L] ∈ Ä(Y, W)/ ∼ of Lagrangian sections, there exists a unique harmonic representative. This is mirror to the existence of a unique Hermitian-Einstein metric on each holomorphic line bundle over X Σ , and λ(L) is the mirror analogue of the (normalized) slope of a line bundle.
On the other hand, we may also choose special Lagrangian sections as representatives. According to the definition of Auroux [3] , a Lagrangian submanifold L ⊂ Y is special with phase θ ∈ R if Im(e
where I n denotes the n × n identity matrix. So L = {(x, y(x) : x ∈ P} is special Lagrangian with phase θ ∈ R if and only if the following equation is satisfied
Equivalently, this means Ψ * g satisfies the equation
or, in the ξ j , y j coordinates, g satisfies the equation
Our harmonic Lagrangians are closely related to special Lagrangians, at least in the large radius limit: If we rescale the fiber coordinates by replacing y j by ǫy j , then, for small ǫ, the leading term of equation (3.2) will give
which is nothing but equation (3.1) if we choose θ such that tan θ = ǫλ(L).
The SYZ mirror transformation as a geometric correspondence
In this section, we first recall the definition of the SYZ mirror transformation. Then we proceed to prove our main result.
gives a representative of the class a. Note that s is holomorphic and nowhere vanishing over U ⊂ X Σ , so it is a holomorphic frame of
then the restriction of ∇ h to a fiber
on the trivial line bundle C over T N . Recall that the dual torus T M = (T N ) * can be interpreted as the space of flat U(1)-connections on the trivial line bundle C over T N modulo gauge equivalence. 4 In our situation, the connection 
If s ′ is another T N -equivariant meromorphic section of L a , then s ′ = cw u · s, for some constant c ∈ C * and u ∈ M, where w u is the monomial w u 1 1 . . .
Thus we have a well-defined transformation
from the set of T N -invariant hermitian metrics on holomorphic line bundles over X Σ to the set of Lagrangian sections of µ Y : Y → N R . This is called the SYZ mirror transformation. This is (fiberwise) a real version of the Fourier-Mukai transform in algebraic geometry. We can invert the construction and define the inverse SYZ mirror transformation F −1 , which produces, from a Lagrangian section L of
However, h L may not be extended to a hermitian metric on a holomorphic line bundle over X Σ . The question we raised in the introduction is to characterize the set of Lagrangian sections L for which h L can be extended over X Σ . Our main result says that this set is precisely Ä(Y, W), which we introduced in the last section. Before we prove the theorem, we need a couple of lemmas. Let [a] be an element in A(W) = H 2 (X Σ , Z) and L [a] the corresponding holomorphic line bundle over X Σ . We first consider a particular T N -invariant hermitian metric h 0 on L [a] defined as follows. Choose a representative (a 1 , . . . , a n ) ∈ Z d of a, and fix a
Recall that the moment map µ U : U → P is given by
Lemma 4.1.L h 0 satisfies the growth condition ( * a )
The proof of this lemma, which is a straightforward but lengthy calculation, will be given in the appendix.
To describe the other lemma we require, consider the diagonal T n -action on C n . If F : C n → R is a T n -invariant function, then we can define a function f :
. . , n, are the complex coordinates on C n . But not all functions on R n come from this way. 2. For any j, k, l ∈ {1, . . . , n}, the limit of
3. For any distinct j, k ∈ {1, . . . , n}, e
Then, by the chain rule, we have, for j = 1, . . . , n,
and, for j = k,
It is then not hard to see that the conditions (1)- (3) are necessary and sufficient conditions for extending F to C n .
Proof of Theorem 4.1. Let h be any other
Then there is a function F ∈ C 2 (X Σ ) such that h = e −2F h 0 . Restrict F to U ⊂ X Σ , and define f :
Let σ ∈ Σ be an n-dimensional cone, and U σ = Spec C[σ ∩ M] the corresponding affine toric variety. X Σ is covered by these U σ 's, and since X Σ is nonsingular, U σ ∼ = C n . Without loss of generality, suppose that the generators of σ are v 1 , . . . , v n ∈ N. They give a Z-basis of N. Letw 1 = eξ 1 + √ −1ũ 1 , . . . ,w n = eξ n + √ −1ũ n be the corresponding (inhomogeneous) complex coordinates on U σ . This gives coordinates ξ 1 , . . . ,ξ n on N R , and the transformation from these coordinates to the original coordinates ξ 1 , . . . , ξ n is given by
Apply the chain rule, we get
Hence, by Lemma 4.2, we conclude that the function f satisfies the growth condition ( * 0 ). Now, by Lemma 4.1,L h 0 satisfies the growth condition ( * a ). 
Recall that a hermitian metric h on the line bundle L [a] is Hermitian-Einstein, with respect to the Kähler metric ω X Σ on X Σ , if and only if the following equation
where F h is the curvature of the Chern connection ∇ h , and λ(L [a] 
From this, we see that On the other hand, the condition for preserving supersymmetry is given by the following MMMS equation, introduced by Marino-Minasian-Moore-Strominger in [16] (see also [15] 
h satisfies the MMMS equation with θ ∈ R if and only if L h is special Lagrangian with phase θ.
Further remarks
We end this paper by several remarks. 1. For our purposes, we consider C 2 hermitian metrics and Lagrangian sections whose potential are C 2 functions. One can certainly consider metrics and Lagrangians in other differentiability classes, but then the growth conditions should be suitably modified.
In particular, when we only require the metrics to be C 0 , singular Lagrangians can arise as follows. class represented by a = (a 1 , . . . , a d ) . Then there is a T N -invariant C 0 hermitian metric h on the line bundle L [a] such that g h (ξ) = ϕ(−ξ), and dg h : N R → M R is the piecewise constant map given by dg h (ξ) = −u σ for all ξ ∈ σ. Applying the SYZ mirror transformation, we get a singular Lagrangian L h = F (h) ⊂ Y. This satisfies the following boundary condition at infinity: for ξ(t) = t i v i + . . ., dg h (ξ(t)), v i + a i = 0 for t i sufficiently negative. In this case, different line bundles may give rise to the same Lagrangian subspace. For example, O(1) and O(−1) both transformed to the Lagrangian L, which is the zero section plus the fiber over ξ = 0 ∈ R. One can distinguish the Lagrangian cycles corresponding to O(1) and O(−1) by equipping the circle fiber with different orientations. In this way, the SYZ mirror transformation would still give a bijective correspondence between isomorphism classes of holomorphic line bundles over X Σ and equivalence classes of Lagrangian sections of (Y, W).
2.
The SYZ mirror transformation we discuss in this note only gives a bijective correspondence between holomorphic line bundles over X Σ and Lagrangian sections of (Y, W). But it should be extended to an equivalence between the derived category of coherent sheaves D b Coh(X Σ ) and a suitable variant of the Fukaya-Kontsevich-Seidel category of (Y, W). In particular, it is interesting to see how higher rank holomorphic vector bundles over X Σ can be transformed to Lagrangian multi-sections of (Y, W) equipped with certain extra data. We plan to address this in the future.
3.
Since we equip Y with the dual of the toric metric, it is not always possible to represent an equivalence class [L] ∈ Ä(Y, W)/ ∼ by a minimal Lagrangian section. The mirror of CP 1 provides the simplest example of this. Our way out is to introduce the notion of harmonic Lagrangians, and as a corollary to our main result, we saw that each equivalence class [L] is indeed represented by a unique harmonic representative. However, it would also interesting to look at the variational theory of Lagrangian sections of (Y, W) directly. For example, one may attempt to prove the existence and uniqueness of harmonic Lagrangian sections by directly solving the PDE (3.1). On the other hand, the existence and uniqueness of the solutions of the MMMS equation and the special Lagrangian equation are largely unexplored. The toric case we considered here should be the first nontrivial case for one to investigate these equations. Then the function (v T j Hess(g h 0 )v k )(ξ(t)) is equal to the following expression
Notice that in each term, the numerator is O(e 2t j +2t k ), while the denominator is O (1) . Thus, the function e −t j −t k (v T j Hess(g h 0 )v k )(ξ(t)) goes to zero as t j → −∞ or t k → −∞.
For j = k, let b u = b u (t 1 , . . . , t k−1 , t k+1 , . . . , t n ) = c u e 2(l 1 (u)t 1 +...+l k−1 (u)t k−1 +l k+1 (u)t k+1 +...+l n (u)t n ) .
